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1 Introduction

Consider the functional of following type

oo

1(f) = / oo, f(2), (), .., f™()) d, (1)

— 00

where ¢ is a smooth function of m + 2 variables; f(x) is an unknown prob-
ability distribution density of a random variable X; f*)(z), k = 0,1,...,m
is a derivative of the function f(x) of the order k, f©(x) wf (). Let
X1, Xs,..., X, be a sample of independent identically distributed random
variables each of which has a distribution coinciding with the distribution
of X. The problem of statistical estimation of the functional I(f) will be
studied on the basis of this sample using the truncated plug-in-estimator:

Sn

IFs) = [ oloFu@). T @) e )
where f,(z) is the estimator of the density f(z), and Fak) (), k=0,1,...,m,
is the derivative of the function f,(z) order k, f\”(x) X fo(z). As an

estimator of f(z) and its derivatives we give the kernel probability density
estimator obtained by Rosenblatt—Parzen (Rosenblatt (1956), Parzen (1962),
Bhattacharya (1967), Schuster (1969), Nadaraya (1988)). They have the
following form

-~ 1 " ;L’—Xi
fn(k)(:U)ZWZK(k)( . >> k=0,1,...m. (3)
nog=1 "

The problem of estimation of the integral functional of form (1) and its par-
ticular varieties has been studied by a number of authors. Results have been
obtained where consistency and other asymptotic properties are established.
These properties were used in some quite interesting studies in order to de-
fine properties of specific integral functionals of application significance (Levit
(1978), Hall and Marron (1987), Bickel and Ritov (1988), Birge and Mas-
sart (1995), Laurent (1996), Mason (2003), Gine and Mason (2008), Mason,
Nadaraya and Sokhadze (2010)).
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The results obtained in the above-mentioned works cannot, however, be
applied to some quite important cases. This mainly refers to functional in
which the function ¢ is unlimited. In, particular, it concerns the Fisher
information estimator and Shannon’s entropy

Iﬂf)z/%dm, Is(f):/f(x)logf(x)dx. (4)

Integral functionals of form (4) have been the subject of separate studies. We
should particularly mention Bhattacharya’s work (1967), where an efficient
approach to the estimation of these integrals is given. As an extension of
this work the paper by Dmitriev and Tarasenko (1973) can be mentioned.

The aim of the given article is to study the asymptotic properties of type
(2) functional as an estimator of functional (1) so that it would also cover
the case of integral functional of type (4).

2 Preliminaries

Introduce the notation and conditions that we will need in the forthcoming.
The following conditions are assumed to be satisfied for the function ¢:

Assumption (¢1). ¢(x,zg,...,z,) is a function of m + 2 variables,
which has an open definition domain D, takes real values, is continuous
with respect to the set of variables and has continuous partial derivatives up
to the second order inclusively, with respect to the variables xg, ..., Z,,.

For simplicity we denote partial derivatives of the function ¢ in the fol-
lowing way:

@go(x,xg,xl, s 7xm) def

= pu(x,zo, x )def
(9:(;2- P\T, Loy L1y -5 T

= QO(i), i:O,l,...,m,

Pz, 20, .. T def

= pup(z, x x )def
c%ixj = LN\ Loy - -5 Tm

= ©au), ,J=0,1,...,m.

Assumption (¢2). The derivatives of the function ¢ satisfy growth
conditions: constants ag; € R, Bp;; € Rand Cp, >0, oy > 0, 35 > 0, ay; >
0,...,00; >0, B1y; > 0,...,Bm; > 0, exist, such that for any admissible
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values of the arguments and for each 7,5 = 0,1,...,m, we have
[0y (@, 0, 1,y ) | < Copl|™ | * a1 - - ||, (5)
|g0(ij)(:c,a:0,x1, . ,xm)| < Cylz Fis :E0|B°” x1|51” . |:Em|'3m”. (6)

Note that in inequalities (5) and (6) constants ag; and Sy, ¢,7 =0,1,...,m,
can be both positive or negative (or equal to 0).

Assumption (3). Integral [ o(z, f(z), f'(x),..., f™(2)) dx exists.

Let X be a random variable with probability distribution density f(x).
Assume that the following conditions are satisfied for it:

Assumption (f1). The density function f(x) has continuous derivatives
up to the order m > 0 inclusive.

Assumption (f2). For a C; > 0, we have sup |f®(z)] < C} < oo,
E=0,1,....m e

Assumption (£3). For every k =1,...,m, f® € L, (R).

Assumption (f4). Exists strictly growing function H(x) such that

< H(x). (7)

sup ——

1
ly| <z f( )
Without loss of generality, assume that H(x) > x. Introduce the function

V(O{ .I‘) déf 0?7 if o Z 07
’ (H(x))™@, if a<0.

Consider a real-valued nonnegative function K (z) and assume that the fol-
lowing conditions hold:

Assumption (k1). [ K(z)dx =1.

Assumption (k2). K(x) has continuous derivatives up to the order m
inclusive.

Assumption (k3). Fora Cx > 0, |K®(2)| < Ox <00, k=0,1,...,m.
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Assumption (k4). The function K(z) has a compact support which
lies within the interval [k, k].

X1, Xs,..., X, is a sample of independent identically distributed random
variables each of which having a distribution coinciding with the distribution
of X. Apply kernel estimator (3) to the unknown function f®(z), k =

0,1,...,m. For the sequence {h,}. ., the following condition is satisfied:
Assumption (h). h,, n =1,2,..., is a sequence of positive numbers
clogn

monotonically converging to 0, such that h, > === for a ¢ > 0.

It is known (Dony, Einmahl and Mason (2006)), that under the conditions
(f1)-(f3), (k1)-(k4) and (h), for every k = 0,1,...,m, with probability
equal to 1, we have

~ ~ log h,| V loglogn
W (z) ~ EfP(z)| =0 vl . 8
sup |10 (@) = Ef;P ()] ( o (8)

Let fék) (x) = Eﬁ(k) (). We have an equality

n

n 1 r x—1
1 @) = B (@) = 5 / K“f)( = ) (1) du.
Applying the formula of integration by parts several times we obtain
P () = / K(u) f® (x — uhy,) du. (9)

Which together with the continuity of the functions f*)(x), results in a
point wise convergence fék)(:c) — ™), x € R, forany k =0,1,...,m (see
Parzen (1962), Theorem 1A). This, in its turn, implies the convergence

go(x,fn(:v), o ,f,gm)(x)) — gp(a;,f(m),...,f(m)(m)), r € R as n — oo.

As it has been already mentioned above, a truncated integral functional (2)
is taken as an estimator of functional (1).

The problem is to choose h,, and s,, so that s, 1 co as n — oo and the
convergence of I(f,,) to I(f) should be ensured with probability 1.
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Introduce the following notation

Sn

def

I(fur50) / o ul@), S1(2), - fO()) d,

—Sn

L / o, F(@), (@), .., £ () de],
|z|>sn
L% / Lo, f@). ... ;@) = p(a. fule), ... S da,

@)Y [ 1790 - £9@)] 7@ - £9(@)]ds

B 13 [ Gl (F90) - 190 (90 - 190

i,j=0_",

n

where y,,,(x) is a point on the line connecting the points (defined below)

(2, fu(@), ..., (™ (2)) and (z, fo(2), ..., ™ ().

Introduce the notation
7= max {1 + o+ \Oém"}, o= Og}?%(m {Bij + \50@"}, p = max{7,0},

T, if >0,

¢ = mi iy 00y MPigs F0ij U 70 =—
win {, a0i, B o}, Ul:0) {Hl(g:), it 9 <0.

3 Results

Lemma 3.1. Let the conditions (f1)—(f3), (k1)—(k4), (h) and (p1)-
(p3) be satisfied.

If # > 0 and s,, and h,, are selected so that

m

by - Z |8, ¥ 50 as n — oo, (10)
=0

then I, — 0 as n — oo.
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If # < 0, then under the conditions (f1)-(f4), (k1)-(k4), (h), (¢1)-
(¥3) and s, chosen h,, so that

hnibn

=0

Y (as; 8,) — 0 as n — oo, (10”)

we have I, — 0 as n — oo.

Remark 3.1. This lemma implies that under the conditions (f1)—(f3),
(k1)—(k4), (h) and (¢1)—(¢3) the convergence Iy — 0 as n — oo can take
place in the following cases: if # > 0, then s, and h,, should be selected so
that we would have (10"), while if # < 0, then if an additional condition is
satisfied (f4), s, and h,, must be chosen so that (10”) would take place. It
can be easily seen that in the last case (10”) can be expressed as

m
hy, - Z |5, |10 HY (5,) = 0 for n — oo,
i=0

where af; denotes all nonnegative numbers from the numbers ag;, and ag;
are only negative ones out of the numbers ag;, ¢ =0,1,...,m.

Lemma 3.2. Let the conditions (f1)-(f3), (k1)—-(k4), (h) be satisfied.
Then

i logn
(@) =02 ). (11)

Lemma 3.3. If the conditions (f1)—(f4), (k1)—(k4), (h) and (¢1)—(¢3)
hold, then

Ay () logn
= O( =) 1)
where .
dm<8n> = Z Z |5n ﬁijV(ﬁOij; Sn)- (13>
i=0 j=0

Remark 3.2. This lemma results in the following estimators: if # > 0, then
condition (f4) is redundant and (13) takes the form

m m
dm(sn) — Z Z |Sn|/3ij+60ij’

=0 j=0

7
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and if 6 < 0 then if condition (f4) is also satisfied, (13) takes the form

A (8n) = Z Z |Sn

i=0 7=0

Bij‘i’ﬁ()ij Hﬁ(/)/ij (STL) ,

1

where f3,;; denotes nonnegative numbers out of the numbers fy;;, and Jy;

are negative ones out of the numbers By;;, i = 0,1,...,m.

Theorem 3.1. Let the conditions (f1)—(f3), (k1)—(k4), (h) and (p1)-
(¥3) hold and for h,, we have

logn _
nh2m+2 — 0%
n

(A)

logn

( )WAOforany0§§<1.

1 ~
Let also s, = U(hyn '*";0). Then for the convergence (fn, sn) — I(f) with
probability 1, it is sufficient that the condition:

(i) 6 > 0 is satisfied
or

(i) if @ <0, then, in addition to the above-listed conditions, condition (f4)
should also hold.

Remark 3.3. This theorem extends the known results on the consistency of
the plug-in-estimator for particular integral functional of probability distri-
bution density given in [9, 10, 11, 13, 14].

Theorem 3.2. Let the conditions of Theorem 3.1 hold, f € C*™(R) and the
sequence of positive numbers h,, monotonically converge to zero, so that con-

1
ditions (A) and (B) of Theorem 3.1 are satisfied. Hence if s, = U(h,'™";0),

then
VAT s0) = 1(a) | =5 N(0,6%(1)).
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4 Proofs

Proof of Lemma 3.1. We have

Sn

[2§/

—Sn

Z 0w (@ ful@), - FM (@) (fO(2) = £0(x) | da,

where (z, fu(z), . ) (x)) is a point on an interval connecting the points

(z, f(z),.. f“”( ) and (z, fu(z), ..., f"(z)). Here

(@) = fO@) + 050 (@) = fO@)), 0<0<1, i=01,....m
Then by virtue of condition (¢2)

Snm

12§/Z|x

1=0

ai J};(ZL‘)‘ |f m)( )| me fh )(1;) — fT(L’)(xH dz. (14)

Since according to (£2) we have sup | f¥)(x)] < Cy < 0o, k =1,...,m, then
zeR

(9) results in

sug[f,g ()] <Cf<o0, k=0,1,...,m.
Te

Hence we can estimate ﬁ(z)(aﬁ)

sup | £, (x)] < 3C. (15)

zER

Bhattacharya’s paper [3] also implies that we can choose a constant C| so
that for all 0 <7 < m we have

sup | f%(z) — f17(z)| < Ch,. (16)

zER

With (15) and (16) in mind, (14) implies

/ Faw)lem]

“ [ 1@ d, (n

m

<Y (3o

1=0

Uz) = fi(@)] do <
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where o, denotes the sum of all positive orders of ay; in (14).
Some of the orders of ag; are positive while the others are negative. But
in any case

|v]?;b(x)|a0i S C ' V<aoi7 8n>-
Therefore (17) implies

I, < const - hy, - Z |sn,

=0

4V (i, ).

It is evident that if s,, and h,, are taken so that

m

hnZ|Sn

1=0

VY (g3 8,) — 0 for n — oo,

then I, — 0 as n — oo. O

Proof of Lemma 3.2. For the proof we use the technique of paper [13].
Let W, be the Sobolev space of functions from Ls(R) with continuous
derivatives up to the mth order inclusive with the norm

loll = |3 [ 99 @) dz
i=0_"_
The space W, has a scalar product
1.0 =Y [ (@) (@) d
i=0_"_
Let R
Tn(m) = an - fn||72n
and o %
7 — X
Yi=Yilw) = —§ o K () = ful) ¢
0= k(1) - hw)
Then
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Hence .
rlm) = | v (18)

Estimate the function

n/lln K( h,

through the norm || - ||, for every ¢ = 1,...,n. We have

A B
o =3 [ (e 60 (55)) o=

n n

gi = gi(x) =

Thus
1

112
nhmtt/

According to (k3), (k4), || K|, is finite. From (19) we have

def
gillm < Kl = An. (19)

Yillm < N gillm + Ellgillm < 24n. (20)

In order to estimate r,(m), we apply McDiarmid’s inequality, which for con-
venience will be stated below.

McDiarmid’s inequality. Let L(yi,...,yr) be a real function such
that for each ¢ = 1,...,m and some ¢;, the supremum in y1, ..., yx, y, of the
difference

L(yla o Yi1, Y Yig1, - - ’yk) - L(yh e Y1, Y, Yig1, - - 7yk) S G-

Further, if Y7, ..., Y}, are independent random variables taking values in the
domain of the function L(yi, ..., yx), then for every ¢t > 0,

_ 2?2

2

P{\L(Yl,...,Yk) — EL(V:,...,Yi)| > t} <9 &%

11
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We will apply McDiarmid’s inequality to the expression

L(Yy,....Y,) =

and ¢; = 4A, for i = 1,...,n. For any ¢t > 0, taking into account (20), we

have
221

{ > t} < Qexp{ } (21)

2| K17,

Substitute

2K, vogn

2m+1
\/nh?

in (21) and apply the Borel-Cantelli lemma. Then, with probability 1, we

have JlogT
3 1+ JF)

Now estimate H Z Y;”fn In order to do this, apply Jensen’s inequality
i=1

D

(22)

Cho

ZZ/ Y9 (@) do <

<L Xm: Bl K(j)<x_XZ)—f(J)(:c) 2d:z:<
- n2 / hifrl h. n
i=1 7=0
LSO [ /1 r—Xn\2 2
— () L
G Z{/E(hj“ ( h )) dz} -
i=1 j=0 ‘- n "
1 U T v — X 2
(7) ¢ _
n2h2m+2 Z{/E(K]( h >) dw}—
n i=1 j=0 ~_*_ n
= 2h2mte Z/ /(K(j)) ( h )f(y) dy de <
i=1 j=0_"_
C
< LK. (23)
12
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It follows from (18), (22) and (23) that r,(m) = O(—%2%;) almost every-

nh%m+1
where. 0

Proof of Lemma 3.3. We have

Ra=g > / i) Tn(@) (10 (@) = £ (@) (£ (2) = () de, (24)

i.=0_"¢

where ,,(z) is a point on the line connecting the points

(, fal@), - () and (2, fal2), ..., [(2)).
Estimate R,,. It follows from (8) that under the condition

loglogn

—nh%m“ —0, n—> o0

we have S
—C; < fO()<Cp, i=0,1,...,m. (25)
Therefore by virtue of (£2), (¢3), (24) leads to

T )
Rl <50 > [ P R@) - o) P x

i,j=0_"5
x| f(x) — £ (2)] |9 (x) — f9(x)] da.
This implies

Ri<CS

1,7=0

x / o)

—Sn

8|9 x

(@) = f0@)| | FO @) = f9()| da, (26)

, . o
where 5@‘ denotes a sum of positive numbers orders: Bz-j = Brij + -+ Bmij-
Some of the numbers fy;; are positive, others are negative. In any case

|J§z($)|ﬁoij < C-V(Boij, sn)-

13
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Then (26) results in

|R,| < const - Z Z 15079V (Boij, 8n)T9 (). (27)
=0 j=0
But by virtue of Lemma 3.2 we have r%¥ = O(mlﬁ%ﬁl ), therefore (27) gives
Ay () logn
Hn = O( nh2m+1 )’

where

’Bijv(ﬁom; Sn)- [

dm(5n> = Z Z ’Sn

=0 5=0

Proof of Theorem 3.1. Note that

‘I(f) _I(ﬁhsn)l < |[<f) _I(fmsn)’ + |I(ﬁ”8n) _I(fn7sn)|7 (28)

where

Sn

I(fun 50) = / o, fol@), (), .., () do.

—Sn

Furthermore

1(f) = I(fursu)] < \ [ ole @) @y ™ @) dal+

|z|=sn

=5 + I».

+ ’ /n {SO(x,f(l‘), . ,f(m)(g;)) — ¢(z, fn(x)7,f,§m)(x))}dx

Condition (¢3) implies that [; — 0 as s, — oo. In order to establish
the convergence I, — 0, we verify the fact that under the conditions of the
theorem Lemma 3.1 is true. Suppose 8 > 0. Then

m

hn-Z\sn

=0

O”HV(OéOi; Sp) <

1+p—1
< const-m - h, -], = const-m-h,""" — 0 as n — oo.

14
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Now assume that 6 < 0. Then

m

hn-Z\sn

=0

O”HV(OCOi; $p) <

m Ltp—r
< Z Heitltleoil(s )y <m - H™(s,) = mha,"" — 0 as n — oo.
=0

Hence the conditions of Lemma 3.1 can be satisfied. Thus I, — 0.
In (28) we have

I(far$0) = I(fus 50) = Su(ha) + Ry =

=3 / o) (@ fal@)s o S @) (T (@) = £ (@) do + Ray (29)

Fn = % > / 06 T (@) (F0 (@) = £0(2)) (F9(x) = [9()) da, (30)

where ,,(z) is a point on the line connecting the points

(x, folz), ..., fT(Zm)(x)) and (:c, ]?n(:c), . fn(m)(x))

By virtue of Lemma 3.3

R — O(dm(sn) logn)’

2m+1
nh?

where

Let 6 > 0. Then
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Consequently,
Ay (s,) logn logn
—nh%m“ < const - —nhierHﬁ — 0 as n — oo.

Let 8 < 0. Then

>3k

m
BV (Bgisa) < Y HO AN (s,) < m? - HO (5,) = mhy 7.

i=0 j=0 4,j=0
Therefore
logn e m?logn
m2hy, " = ———=— — 0 as; n — oo.
nh2m+1 h2m+1+m )
n Nhn

Consequently, R, — 0 with probability 1 as n — oc.
Now estimate the main summand

Z / L@ (FO @) — fO@) de. (31)

Let

m Sn 1 N[ X — X'L
=0 ' '

Sn(hy) can be represented as a sum of independent random variables

_ %Z {Zi(ha) — EZi(h,)}.

[—k, k] is the smallest interval containing the support of the function K (x)
(the existence of such an interval follows from (k4). Bearing condition (¢3)
in mind, we write

|Zi(hn)| <

<G, Z / ] 9] fu() |27 - [ £ ()] hg+1 K(j)<x ;n&) da

16
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Therefore

Sn

- 1 L —X;
1Z,(h)| < const - [sal8V (g3 50) / K(J)<xh—> dr.  (32)
7=0

+1
hit n

Note that for a sufficiently large nwe have s, > k. Hence from (32) we have

m k

1 N (T — Xz “m
| Zi(hn)| < const - jz_; Bt /K(J)<h—n> dx < Bh,™.
= —k

n

For a sufficiently large n and some B.
Now we apply McDiarmid’s inequality to the value

Sn(hn) — %Z {Zi<hn) - EZz‘(hn)}-

We have 272
nth:m
P{|S,(hy)| >t} < Qexp{ Y:7 }

Take

. 2B+/logn

R

We obtain B

2B/

P{|Sn(hn)] > \/ﬁ—hogn} < 2exp{—2logn}.

According to the Borel-Cantelli lemma, with probability 1, we have

)

Note that condition (B) implies the convergence

logn

— 0 as n — oo.
nh2m

Hence S, (h,) — 0 with probability 1 as n — oo. This completes the proof
of the theorem. O
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Proof of Theorem 3.2. Remember the representation
I(fn,50) = I(fn,50) = Su(hn) + Rp =

- Z / (@, fal@), .. £ (@) (O () = £0(2)) da + Ry,

If

:Z/ 0 (2 1) J@) s KO () e

j=0_"

thensS,,(h,) can be represented as a sum of independent random variables

a %Z {Zi(hn) — EZi(h)}.

Our aim is to find moments of the value S, (h,,).

We have
EZZ(hn) =
m % Sn X
:Z;/{/w(a)(x,fn(x),. () e K(y)( - )dx}f( ) dy
:Z/{ / Sp(j)(y+“h”’f"(y+“hn)v"-7f,§m)(y+uhn)>x
7=0 "0 N y—sn
X% KW (u) dU}f<y) dy. (33)

As n increases, by virtue of property (k4), in the inner integral of formula
(33) the integration limits are —k and k. Apply the integration by parts

18
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formula several times. Then we can write

1 .
00 (3-+ wha Fuly + uba).oo S0+ uh,)) o KO (u) du =

o~

1 &

= (-1) / 7w PO (y + tthn, fo(y +uhn), . f (Y + uhn))K(U) du.

For n — oo, h, | 0 and

1 &

Denote

Now, let 0 < 7,v < m. Consider the value

Sn Sn

Mj,v(y): / /(,D(j)(l',fn(l‘),...,fém)(x))gp(v)(z,fn(z),...,f}lm)(z))x

o 1 K(j)<$ - y)}((ﬂ)(ﬂ) de d.

o
hn-i-]—i-v
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For a large enough n

k k
10 (Y) Z//m) Y+ uhy, foly + uhy), . fém)(eruhn))x
-k —k

X P(v) <y + Thnafn(y + Thn)a SR 7f7(7,m)(y + Thn)) X

1 v
x o KO WKO() dudr.
Hence we conclude that
Bpjo(y) — (=1)"7 / P W)l () F () dy.

Respectively,
BZ3(h zz/u” (4) dy.
7=0 v=0_"

So we can conclude that as n — oo

o0

BZ2 ) — 330" [ ool dy -

j=0 v=0

—0o0

Quite similarly we can show that as n — oo
EZ}(hn) — / G () f(y) dy = Eqp,(X).

After these computations we can arrive at the conclusion that under the
above-stated conditions as n — oo, h, — 0

n Var(Sy(h,)) = Var(Zi(h,)) — Var(g.(f(X))) = o*(f) < o

and EZ}h,) = Eqh(X) < oo.
A reference to Lyapunov’s central limit theorem completes the proof. [
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5 Some Examples

1 (i)

13 Consider the integral functional

19 [ ()™
Ipk(f) = de, k>1.
° 4 f(@)

©CoO~NOUTA,WNPE

19 We will estimate this integral by means of

(Ju (1))

fu()

Sn

de, k>1,

where
28 ﬁl(m):nznz;[((x;n&)’ ﬁz'(x)znim%z;f((—x;n&).

31 In this case m =1,

i i
12k —2 2%k 1 2k—1
oz, zg, 1) = x5 27", —— = 2kxy xy

8x0 - 0o 1 81’1
35 82 82 82

¥ -1, 2k—2 ¥ —-3_.2k ¥ —2 2k—1
g? o2 =2k(2k — 1)xg 27" 7, 92 = 2x,°x7", T —2kxy “xi"
38 Cw = Qk(Qk - 1), ag =0y == By = Por = Bio= P11 =0, agp=-2,
40 ag =2k, agr=—-1, a;1 =2k—1, 6 <0,
41 Booo = =3, Broo =2k, Poor = =2, P =2k —1, Poo = -2,

43 Prio =2k — 1, Bonn = —1, fin =2k —2,
_1
c=3 17=3, p=3, s =H" hn‘*).
9

47 For example, we can take h, = n=i as h, then s, = H !(ni0). In, partic-

49 ular, examples we often have H(x) = 3¢*”. Then s, = \/log%n% . Note

30 that this sequence diverges rather slowly.

o1 However, under conditions (f1)-(f4), (k1)-(k4) Theorem ?? is true
53 and we have Ipvk(]/‘;,sn) — Ipi(f) with probability 1. If k¥ = 1, we have
54 Fisher’s information function.

/N
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In the central limit theorem for the Fisher information integral Ip(f) we

have
(X)) +2/"(X)f(X)

o(f) = Var X

(ii)

Consider the integral
Iss(f) = 7f5(95) log f(z)z, 0<46<1,
which will be estimated by_;oeans of
]s,a(ﬁ“ Sp) = 7 ﬁf@) log f;(x) dx,

where

In this case m = 0 and

o(x, 20, ..., 7)) = x5 log x0.
Then
dy - .
o ) logawy + 1) < exd®,
d*p 5—2

— =z 2(0(6 — 1)logao + 26 — 1) < 2102,
dzg

Co=¢e, ap=0, ag=20—1, Boo =0, Booo=0"—2, 6<0,

T=2-25, 0=2—0% p=2—0% s,=H '(h." ).
For example, one can take h, = n~1 for h,. Then the conditions of The-
orem 3.2 are satisfied. Under conditions (f1)-(f4), (k1)-(k4) we have

IF(ﬁ“Sn) — Ip(f) with probability 1. For k& = 1 we have Shannon’s en-
tropy.
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In the central limit theorem we have
02(f) = Varlog f(X)

for Shannon’s entropy integral.

(iii)
Consider the integral

1(f;) = / (f(2) d, 7> 0.

—00

The estimator of this interval has the form

s
v n

b = [ 2F@) R = ().

noi=1

—Sn

We have m =1,

o(x, g, 1) = 2 2? —890 = 2271, i = 227
Y Yo T 03 ’
Co=2, ap=0, a1 =7, agp =0, apn =0, a;p=0, a1 =1,

Boo =0, Bor =0, Bio=0, Bir =2, PBooo =0,
5001 = Oa /8010 = 07 /8011 = 07 6100 — 07 6101 = 07

_ 1
Bro, i =0, 6>0, T=1+4+7v, o=7v, p=1+7, Sp = hn .

Condition (f4) is redundant. One can take h,, = n~° as h,,, where £ < § < 1.
By virtue of Theorem 3.1, we have I,,(fn;7v) — I(f;~) with probability 1.
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