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Summary

The controlled differential equation with two constant delays in the phase coordinates is
considered . Three types variation formulas are proved with respect to a new class of variation,
which separately are corresponding to cases when variation of the initial moment take place from
the left or from the right or from the both sides. The new class of variation means that the signs of

variation of the initial moment and delays may be not same.
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k
+e| Y 24(501(t) — 50:(t00) | = £60(tao) + 0(e81).

i=1

5990056 298MmI0bsmg 43593l
Po(to) + €8¢ (to) — @o(too) = €g bty + 0(edp) + 8¢ (too) + 0(ebp) (2.1.7)
= e[y 6t + 8¢ (too)] + 0(edp).
3bo0s, M) t € [ty, toe], 95800
LLIT(I)(L yo(®) + Ay(®), p(t — 1), (t — 0)) = tlitl(;f?)_(t: Yo (£), 9o (t — 7o), 9o (t — 07)) = wy

BqLB380L©,007) 3930m35@olFobgdm, Gmd lim f(w,ue () = 7, 33946909
w-ow,

14



lim sup If(t Yo () + Ay(®), p(t — 1), @(t — o), u(t)) — f~| = 0.

€20 te(to,to0]
596050,

too too

f f(t'yO(t) + Ay(t); <P(t - T),(p(t — o’),u(t)) dt = f f_dt +

fo (2.1.8)

too

+ f [f(t, Yo () + Ay(t), o(t — 1), (t — a),u(t)) - f‘] dt = —ef ~ 8ty + o(edp).

509653

too

f [f (£ y0(®) + By (), @(t = D), 9t — o), u(®)) — f7]dt| <

to

€|6t,| sup £ (ty0 () + 2y(®), (t — 1), @(t — ), u(t)) — f~| = o(eSp).

t€lto,too

B90mo0b0dbmeol, 396dm 30 (2.1.6)-0o (2.1.7) s (2.1.8) GHmemdgdol gomgzscolfjobgdom
d030090m

Ay(too) = €[6¢(too) + {Po — f7}6to] + 0(e6p).

0535930300 (2.1.1) MGHMELMdS, 530bsm30L F93535Lmm a4 (t; ebu).
f(tx,y,2z,u) 53059mx830owgdl woxdoEol 30MHMmdL X, Y, Z s U (33¢50J00L d0dsOm, 9.0. K; C
0 > Uy c U, 3m33sgHgdobogol ALk, y, € L(1,[0.0)) gm9bdgos, Gm3  s@powo  5g3b

MEGHMEMISL
|f (& 1, ¥1, 21, u1) — (&, %2, Y2, 22, uz) | < Lg, u, @O Ux1 — 221 + [y1 = y2l + |21 — 25| + [ug —uzl)
V(x1, X2, Y1, Y2, 21, 22) € K8, Vu € Uy . LoBsOEHogobmzol Ly, y, (t) 50360860 L(t).

a, (t; e6u) 3985L9d0Lm30L Fob30bowmm 9dmbggzgdo:

1) too+10<ny
d99m3000m0 5060336900

Sy =minf{ty +1,to0 + 170}, Sy = max{tyy + T, to0 + To} -
3b50s, OH™I
S,-81 = 0(&bp)
a) 30J35m t € [too,S1]
00 Y (¢, uy + e61) € Ky, ug(t) + edu(t) € Uy, 530¢™a 9933000005 30Lo690¢0Mm0
oxdogol 30HMd0m

t

4
aGen) < [ LOIBYEIE + ) oyt eon)
i=2

too

15



LoS3

t
ay(t; e6p1) = f L) h(to, 9, Yo + AY)(E = T) — h(too, @0, Y0) (€ — 7o) dE ,
t

as (t; £80) = f L) h(to, @, Yo + AY) (€ — 0) — h(ton, 9o, Yo (€ — 00)IdE
00 ,
au(ti €00) = € f L(E)|6u(E)|dE .
3b50s, ™I

7"2+81

au(ti ) < € f L(®)|5u(®)]dE = 0(edp).
too

9935935bmm a, (t; edu)

t
as(t; €4 = f L(E) 9o (€ —7) + e60(E — 1) — (€ — To)|dE <

t

S1

< [ 1®

too

&-t1
j )y

§-1o

S1

di+ e j LIS ( — DIdE = 0(e6p).

too

590250, OM3S t € [tgg,S1], 05806 a,(t; edu) < 0(ebu).
5Boemy0Mo© d030090m, OMI az(t; edu) < 0(edu).

b) godgom t € [Sy, S,], 35806

t
a1 (t; €81) = ay (Sy; e6p) + f la(E; e5u)|dé <
S1

< 0(edp) + 0(edu) = 0(edp).
59050, O™z t € [tgg,S,], 35806 a4 (t; edu) s6ob 0(edu) Gogob.

c) 300J350 t € [Sy, 15 + 1]

t
az(t; €6p) = ay(Sy; €6p) + fL(‘f)b’o(‘f =) +Ay(§ — 1) =y (§ —7o)[dS <
S2

t—-7T 2+6, &-1
< 0(e) + f 2 + DLE + DIAy(©)|dE + f L(E) j o)y dé
S,—T So &-19

16

(2.1.9)



d9L50530b5© J03009dM

t

a,(t; e6p) < 0(edp) + f)((f + )L + D)|Ay(§)[dE (2.1.10)

too

59 39335¢0LjobgdME0s, OMI S; — T =ty . ¥ (t) 500b =L Jobslbomgdgwo gmbdsos.
2) tgp + T > 1. 9bews &5 € (0, &) s §; € (0,68;) 08gbs© 3069 5300Mm, MM Fgltrry—
@EIL YOO
to+T>1,+ 085, tog+To>1y+ 05,
50 890mbgggsdo t—T=ty, t—To = tg, VtE [tog, 72+ 2]

t

a(t; €6) = f L(E) 9o (€ — 7) + £6p(E — ) — o (€ — To)|dE <

too

ry+85

sj L(E) 9o (€ — 1) + e60(E — 1) — 9o (€ — To)|dE = O(Bp).

too

(2.1.10) 895bgd0L oMM ITHI0EIOM0s 0bEINZoeDbY [too, T2 + 3] BgdOL-FogMo
(e,61) € (0,&2) x V™.

3b65EPMy0MEO ©9EHI03Y0s, ™I

t
as (t; £81) < 0(edu) + f 2+ OLE + D)|Ay(©)|dé @.1.11)

too

(2.1.10) @5 (2.1.11)-0b 350m35¢0oljobgdoo (2.1.5)-sb 259md0bstmgmdl

1Ay (D] < Ay (too)| + a, (¢ e6p) <
t
< 0(edp) + J(L(f) + (€ + DLE + 1) + x(§ + o)L + 0))|Ay(§)|dé.
too

59 39651369 obM30L 2odm30Ygbmo yOMbmmol wgds, Jo300gdm
t
|Ay(t)| < 0(86#)eftOO(L(f)+X(€+T)L(€+T)+X($+U)L(€+U))d€- < 0(58#) (2112)

9.0.

max _|Ay(t)| < 0(ebu)

tetoo,r2+61]

17



30300, Ax(t) = x(t; pg + edp) — xo(t), t € [T, t19 + 1], T=a—max[ry,0,]. 9g30835bm»

Ax(t), Beogs t € [T, tgol.
Omas t € [T, t],

|Ax ()] = |@o(t) + 6¢(t) — @o(t)| = |edp(t)| < O0(ebp)

OM3s t € [to, tool, 9 ©OFIOIBE05MHO FoBEHMGDS 53859MFBOEgdL Laffyol 30OHMBL x( (t) =
@0 (t), 35306

Ax(t) = x(t; po + e6) — o (t) =

= o(to) + f £ (5. o + £61,%(s — 1), x(s — 0),u(s)) ds — @o(£)
to

t
8x©] = 19(t0) = po (@)1 + | [ £(s.10 + £81,x(5 = D, x(s = 02, u(s) ds| < 0(eB),

to

306500056
to

[ g0t

t

lo(to) — @o(D)] < |@o(to) — @o (D) + €lp(ty)] < + 0(edp) < 0(ebu)

5990096 258m30bs6y,
|Ax(t)| < 0(edp), Gogst € [T, tgo]
Sb0s §935035Lm0 |Ax ()], BemEs t € [tgg, t1o + 01]. Ay(t)-m30L 335J3L B953oLgds
max _ |Ay(t)| < 0(edu)

t€[tpo,r2+64]

93000 tog = Ty, t1g = T2. JOOEIODMOOL JSWOD

Yo(t) = x0(t)
Qo

y(t; uo + edp) = x(t; po + e6u)

5990056 2980656 500 5938 BHMEMdLL:

Ax(t) = Ay(t).
58033, GMEs t € [tg, t1o + 01]

Ax(too) = €[(@g — f7)bto + 6 (too)] + 0(e8)
Qo
max ]|Ax(t)| < 0(ebp).

teltoo,2+81

@905 2.2. 30g3500 LI gdE0s §99Ja0 306Md9d0:

18



*  BI6J0> Yo (L)t € I; L@ AHNOQ Y3000 ©@> BBI0s Po(t) BYBbobEGY)-
wO;

o gmbdgos f(t, x, ¥, z,u) 999cbsoEzOMwos [ X 03 X Uy Loddsgwgdy;

o 5MLbYdMOID BO3zMOO

. . — . + . — +
Jim @00 =¢5,  lim f(w,uo®) =17,
boog w = (t,x,y,2) € [tgg, b) X 03, wy = (t00'<P0(t00):<P0(t00 —To) , Po(too — 00))-
85306 sMLgdMdG6 GoEbzgdo & € (0,&1] s &, € (0,8,], obgmo, Bmd

max _ |Ay(t)| < 0(edu) (2.2.1)

tE[t0,1”2+82]
69d0Ldoge0 (g, 1) € (0,&;] XV, Loog VT ={6u eV : &ty = 0}
535Lmsb,

By(to) = e[8¢(too) + {5 — f7}6t0] + 0(ebp) (22.2)

©58()303905. 300J35,, &5 € (0, &) 08@gbo 306099, O®MD V(t, &, 6p) € [too, to] X [0,65] X V*
SQBOWO 533 YOO MOIOL

T=15+&6t >0

o=0y+¢ebo >0
0b&HIOZobY t € [to, 72 + 81] Bbdgos Ay(t) = y(£) — yo(t) 5305980 gBL bR

Ay(t) = a(t; e6p) (2.2.3)
Loo3
a(t; e6p) = f(&,y0(8) + Ay (t), h(to, @, ¥0 + AY)(t — T), h(to, @, ¥o + Ay) (¢ — o), u(t))
_f(t' Yo(t), h(too, ®0, Yo) (t — 7o), h(too, ®o, Vo) (t — 0p), U (t))
250530900 (2.2.3) 06393 MGH0 GmOIom
t

Ay(t) = Ay(ty) + f a(E; eou)dE

to

5990056
1Ay (®)| < [Ay(to)| + a.(t; e6p) (2.2.4)
Loo3
t
a,(t; eéu) = fla(f; eSuw)|dé, teE [ty + 061] (2.2.5)
to

535933030 (2.2.2) Bm®IMs. 53000 boB396909w0s, HMI
Ay(to) = y(to; Ho + €81)- yo(to) = @o(to) + 69 (to) +

19



to

+ f f(&,y0(t) + Ay (D), p(t — 1), @(t — 7)), u(t))dt — @o(too)- (2.2.6)
too
393m3zm3ocomm Bbgomds
to to to
Po(t0) ~ olto0) = [ #0 e = [ gt de+ [ 1000 = gl de = 805 + o(eo)
too too too
oD,
to to to
[160® - 0314t < [100@ = gtlde< [ sup Igo(© - oilde
t€[tgo.tol
too too too
= &8ty sup |@o(t) — @g| = o(edp).
too.to
5096
lim sup |po(t) — 931 = 0.
€20 tetgg,to]
595Lmab,

e6@(ty) = e8¢ (too) + €[5 (ty) — 69 (toe)] = €8(too) +

k
+e| ) 2,(80:(t0) = 501(t00)) | = £80(tao) + 000,
i=1

5990056 258MmI0bsmg 43593l
Po(to) + €69 (to) — Po(too) = €958t + 0(e8p) + e8¢ (too) + 0(e6u) (2.2.7)
= e[@g 6ty + S(too)] + o(edp).
3bo0s, M) t € [ty, to], 958006
lim (&, 0 (8) +4y(8), 9(¢ =0, @(t = 0)) = lm_(£,0(8), 9o(t = 70), 9o (¢t = 00)) = wo

99L50530L,) 353035¢0L0bYdM, D Wllan/ fw,uo(t)) = £, 33996995
~Wo

lim sup |f(t,y0(t) + Ay(t), ot — 1), p(t — 0),11(’5)) - f+| = 0.

€20 te[tgo to]

596050,
too too
| 1(e50@ + 8@, 00 - D06 - D u@) de = [ rrac+
to to
too
+ f [F(6,70(0) + Ay (0), (t — D), p(t — 0),u(t)) — f¥]dt = —ef *6ty + 0(eSp) (2.2.8)
to
59653

20



too

[ 1630 ® + ay@, 0= 0,0 - ),u(®) - 1*]ae| <

€|6to| sup ]|f(t. Yo(®) +4y(®), @(t — D), p(t — 0),u(®)) — f*| = o(edp).

te too,to

B90mo0bodbmeol, 39Gdm 30 (2.2.6)-3o (2.2.7) s (2.2.8) GHmEomdgdol gomgscolfjobgdom
90300900

Ay (to) = e[6¢(too) + {pg — f*}6to] + 0(ebp).

05359130300 (2.2.1) 9EHMmEMmds, 530Lsm30L F935835bmo a4 (t; e5u).
f(tx,y,z,u) 53054m8owgdl oBdoEol 30MHMdL X, Y, Z s U (33¢250J00L d0dsOm, g.0. K; C
0 > Uy €Uy 3md3sg@Hgdoborgol  ILg, y, € L(1,[0.90)) gmbd30s, 6Gm3  syowo o3l

MEGHMEMISL
|f (1, y1, 21, u1) = [ (&, %2, Y2, 22, )| < Ly, @) (Ix1 — x2| + |y1 — y2l + 121 — Z2] + [ug — u3])

V(X1, X2, Y1, Y2, 21, Z2) € K®,Vu € Uy, b0853030bm30b Lk, 1, (t) 503608600 L(t).

ay (t; e6u) 8985Lgd0LMZ0L Fob30bow Mo 9dmbggzgdo:
1) too+ 10 <1,
d90m300m0 5060336900
Sy =min{tyy + T, tgo + 7o}, Sy = maxfty +1,ty + 70} -
3b50s, OH™I
S,-81 = 0(&bp)
a) 30gge0 t € [to, 1]
05056 Y(t, 1, + €6p) € K1, uo(t) + edu(t) € Uy, 580@ma 99330305 30L56H3g0mo

0gxdoEol 30OHMdIOm

t 4

aGe) < [ LOIYEOIE + ) oyt eon)
i=2

to

bogo3
t
ay(t; eéu) = JL(E)M(%;(P: Yo + Ay)(§ — 1) — h(too, ¥o, Yo) (& — T0)|dE,
to

t
az(t; eéu) = J L(E)|h(to, @, y0 + Ay)(E — 0) — h(to0, Po, Vo) (§ — 0p)|dE,

to
t

au(ti e00) = € f L(E)|6u(E)|dE .

to

21



3b50s, H™I
2+61
au(t;e00) < € f L®)|6u(©)dE = 0(e80).

09935035bmm a, (t; e6p).

t

ay(t; e6p1) = f L(E) 9o (€ —7) + £60(E — 1) — (€ — To)|dE <

to

S1

< [ 1

to

E-1
f )y

§-To

S1

dE + ¢ f L8 (E — DIdE = 0(e6p). 2.2.9)

too

590950, OMm3d t € [ty,S1], 85806 a,(t; edp) < 0(edp).
5BoEmy0MMo d03009000 az(t; edu) < 0(edp).

b) godgom t € [S;, S,], 35306

t
a1 (t; €81) = a3 (Sy; e6p0) + f la(E; e8| dE <
S1

< 0(edp) + 0(edu) = 0(edp).
5005, OM3s t € [tg,S,], 35806 ay(t; edu) s6ob 0(edu) Goyob.

c) 300d35;m t € [S,, 15 + 1.

t

4 (t; €1) < 0(edu) + f 2(E + DLE +DIAy(©)]de 2.2.10)

to
59 39335¢0Lob6gdME0s, OMA S; — T =ty . x(t) 5oL I-b Fsbsbomgdgwo gmbisos.
2) tgp + T > 1. 0bes &5 € (0, &) s F;, € (0,61) 08gbs© 306 5300Mm, MM Fgltrry—
@EIL GO

to+T>1,+085, too+To>12+ 85,

ba 8060)b388560 t—12=> to ) t— To > too, YVt € [too, ) + 65]

t

as(t; e6p1) = f L(E) 9o (€ —7) + £60(E — 1) — o (€ — To)|dE <

too

22



T'2+6£

< f L) po(E — 1) + £80(E — 1) — 9o (€ — T6)|dE = O(ep).

too

(2.2.10) 89835L900L FoM0gdYEMdS FHZOEIOI0s 0bEYOZSWBY [tg, 12 + 8] bgdol—-dogMo
(g,61) € (0,&5) x V™.

3b65¢0My0MEO® ©9(3H3I03Y0s, ™I

t

as (t; €81) < 0(edp) + f 2(E + OLE + 0)|Ay(©)]dE @2.2.11)

to
(2.2.10) 5 (2.2.11)-0b 350m35¢0l{obgdom (2.2.5)-sb 459mdobstmgmdls

Ay ()| < |Ay(to)| + a,(t; edu) <
t
< 0(ebp) + f(L(f) + x(E+DLE + 1) + x(E + 0)L(E + 0))|Ay(8)|dé.
to

50 3965L,369obm30L 2odm30Ygbmo yOMbmol ¢gds, J03009dm

t

max _ |Ay(t)| < 0(edu)

te[to,r2+84]
30600, Ax(t) = x(t; po + edp) — xo(t), t € [T, t10+ 61], T =a— max[r,,0,].

9930535bmm Ax(t), Omgs t € [T, tgol-

Omas t € [T, t,],

|Ax ()] = [@o(t) + 6p(t) — @o ()| = |6 ()| < O(e6p)

OmEdS t E [t tool, 9 ©O0RIOIBE05MGO  25BEHMEGds  53059mBoEgdL  Lafigol 30MHMdSL
Xo(t) = @(t), 35306
Ax(t) = x(&; o + e6p) — o (t) =

t
= o(to) + j £ (5,10 + 80, x(s — 1), x(s — 0, u(s)) ds — g 2)

to

23



t
AX(O)] = [9(to) — 9o (D] + f £ (510 + 61, x(s — ), x(s — 0),u(s)) ds| < O(edp),

to
306500056

to

l9(t0) = @o (D] < [9o(to) — @o ()] + |69 (to)| < f @o(B)dt| + 0(ebp) < 0(ebp)
t

5990056 258Mm30bsty,
|Ax(t)| < 0(ebu), oo t € [T, 0]
SHE0s 4935835800 [Ax(t)], Bmgs t € [tyg, t1g + 1]
30300, Ay (t)-030L 335J3L 9535L9ds
max ]|Ay(t)| < 0(ebw).

t€[too,2+61
53000 tog = Ty, t1g = 12. JOMIOIODMIOL JSOD
Yo(t) = x0(t)
Qo
y(t; uo + edp) = x(t; po + e6u)

5990056 2980650 500 5931 BHMEMBIL:

Ax(t) = Ay(t).
060@)(’08, 6)(")(30 t e [too, th + 61]

Ax(too) = €[(@o — )bty + 6 (teo)] + 0(e8)
5
max ]|Ax(t)| < 0(ebu).

teltoo, 2 +81
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3. gm®99s 1.1 —ob sdEH30EYds

3009350, £ 0009bs 830695, MM 5P 593 M)EHMEMOYOL

tOO_TStOI t0+T2t00 @D tOO_O-StOI t0+0-2t00; bb@be t e [tOO't10+6l]'

0bJ3os
Ax(t) = x(t; uo + b)) — xo(t), t € [T, t10 + 1]
53859mBo@IOL g6GHMLIBL
Ax(t) = f(t,x0(t) + Ax(t), %0 (t — T) + Ax(t — T), %0 (t — 0) + Ax(t — o), u(t)) — f[t] =
F (&, x0() + Ax(), xo(t — T) + Ax(t — 1), % (¢t — 0) + Ax(t — 0),u(t)) — fIt]
+e[t]Ax(8) — fel[t]Ax(®) — fe[t]Ax(e) + £, [t]Ax(t — 7o) — £, [t]Ax(t — 7o) (3.1)
+/[t1Ax(t — o) — f[t]1Ax(t — 0o) + efy [t]1ou(t) —efy,[t]ou(t) = fi [t]Ax(E)

+fy[t1Ax(t — 1o) + f,[t]1Ax(t — 09) + efy [t]6u(t) + r(t; e6u)

Ax(t) = fi[t]ax () + £, [t]Ax(t — 7o) + £, [E]Ax(t — ) + efy [t]ou(t) + r(t; e6p),
Loosg t € [tgo, t1o + 2]

r(t; edu) = f(t,xo(t) + Ax(t), xo(t — 1) + Ax(t — 1), x0(t — 0) + Ax(t — 0),u(t))
—flt] = feltldx (@) — £ [t]Ax(t — 7o) — f[t]Ax(t — 0p) — fy [E]6u(D). 3.2)
fle] = f(& x0(8), %0 (¢ — 1), %0 (¢ — @), u(t)).
3030 B3Ol 359mggbgdoom (3.1)-355EmEgdols 53mBablbo 390dwgds Fotdmgsa0bmnm

39000920 BMOHI00):

t

Aﬂﬂ=ﬂmﬂMﬂmﬂ+‘fYG+mw@E+%MM@&

too—To

t

4 jY@+%w@k+%MAaa

too—00
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t t
te f Y(E Of, [E16u()dE + f Y& Or(E; 0 dE

t t

Y(&t) 560b Bo@moa-8bJ30s, HmIgueog 93059mB0wgdl mgm®mgdsdo dmygzsbow 30Mmmdgdl
Q5 29bEHMEgdSL.

Y(&t) gmb6dc00 999939308 LodMagegbg IT = {(&;t) : &€ <t t € I}. s0gbs Ax(tyg) Bm@I-
M0 519 90dEgds O3[IOMOo:

Y (too, t)Ax(too) = €Y (too, )[(@g — fT)Ety + Sp(too)] + o(t; e6u) (3.3)
Loog o(t; edp) = Y (too, t)o(edp).
8990300007 5060836980
flt; s, ebul = f(t, x0(t) + sAx(t), xo(t — 7o) + s{xo(t — 1) — xo(t — 7o) + Ax(t — 7)}, x0(t — 0p)
+5{xo(t — 0) — xo(t — 0p) + Ax(t — 0)}, u(t) + sedu(t))
FIel = £(& %0 (8), x0(t — 7o), X0 (t — 79), U (1)) (3.4)
ox(t; s, e6p) = felt; s, e8] = felt]
ay(t;s,ebp) = fy[t; s, e6u] — fy [¢]
0,(t; s, €61) = frlt; s, €6u] = £[t]
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